Abstract. In this paper, we study the Lehmer's type congruences for lacunary harmonic sums.
Introduction
The well-known Wolstenholme's harmonic series congruence asserts that
for each prime p ≥ 5. Using this result, Wolstenholme proved that
for any m, n ≥ 1 and prime p ≥ 5. In 1938, Lehmer discovered the following similar congruence:
for each prime p ≥ 3. Further, Lehmer also proved three another congruence in the same flavor: Theorem 1.1. Let m ≥ 2 be an integer and p > max{m, 3} be a prime. Then
When m = 2, we have T * 0,2 (n) = 2 n−1 and T * 1,2 (n) = −2 n−1 . Hence in view of (1.6), for any prime p ≥ 5,
Theorem 1.2. Let m ≥ 2 be an integer and p > max{m, 3} be a prime. Then 
Let us see another Lehmer's type congruences. The Fibonacci numbers F 0 , F 1 , . . . are given by
It is well-known that
for prime p = 2, 5, where (·/p) is the Legendre symbol. Williams proved that 2 5
for prime p = 2, 5. Subsequently Sun and Sun proved that
Now we have a Lehmer's type congruences as follows.
The Pell numbers P 0 , P 1 , P 2 , . . . are given by
We know
for odd prime p. Similarly, we have the following Lehmer's type congruence involving Pell numbers.
Theorem 1.4. Suppose that p > 3 is a prime. Then
Lemma 2.1.
Proof.
We have
And
Substituting a = ±1 in (2.1), we get
In particular,
Substituting r = p, p + m/2 and a = ±1 in (2.2) and noting that
And if m is even, then
Combining (2.4) and (2.5), Theorem 1 easily follows.
Lemma 2.2.
1≤j<k≤p
Proof. Clearly
.
Finally, In particular, 
Remark. Similarly, we have
When m = 1, a q-analogue of (2.9) was proposed in [2, Lemma 2.3].
Now applying (2.4) and (2.8), we get
Similarly, by (2.5),
Fermat's Quotient and Pell's Quotient
Let L n be the Lucas numbers given by
In order to prove Theorem 1.3, we require the following results of Sun and Sun on T r,10 (n).
Lemma 3.1. [6, Theorem 1] Let n be a positive odd integer. If n ≡ 1 (mod 4), then
And if n ≡ 3 (mod 4), then
Furthermore, for every odd n,
For any odd n ≥ 1, we have
and
Hence by Lemma 3.1, we get
Let p > 5 be a prime. By (1.9),
Since Sun and Sun [6, Corollary 3] had proved that
we have
where in the last step we use the fact
Thus the proof of Theorem 1.3 is complete.
Remark. Similarly, we can get
Since Theorem 1.4 can be directly verified for p = 5, 7, we may assume p > 8. Define Q n be the Pell-Lucas numbers given by
For T r,8 (n), Sun had proved that Lemma 3.3.
(mod p), if p ≡ 3 (mod 8), Thus we get 
